Ordinary Ditterential Equations Laplace transiorm

Based on JM Aguirregabiria’s textbook.

1. Provewithout solving theintegral that whens > 0 these relations are satisfied

a S

E[Sin CLt] = m, E[COS at] = m

2. Calculate£|[sin? at] without solving theintegral

3. Find the Laplace transform of the following function

sint, 0<1t<2m,
1(t) = { sint +cost, t>2m.
. . 1—e 28
4. Find the inverse Laplace transform Bfs) = -
S
5. Find the inverse Laplace transform Bfs) = !
. p )= ST rE

6. Let us suppose thdt(s) = L[f(t)]. Prove that

c [@} _ /:O F(u) du
f(t)

is satisfied if there existtéilr&r e Why is this last condition necessary?

7. Prove that wherF'(s) = L[f(t)] we can obtain:
c Uatf(u)du] _ é [F(s)—/oaf(u)du} .

8. Using the definition and properties of Euler's gamma functicalculatel [tb] and L [tbeat], forb > —1.

Specifically, what areC [t*W and. [tm]’? What happens whéenis integer and non-negative? Check what
is the value ofsF'(s) in the limti s — oo for —1 < b < 0. Comment the result.

9. Using the properties of the error-function, calculﬂ%erf (aﬂ)} . What happens when < 0?

10. Calculate the Laplace transform 8f(¢), Ci(¢) and —Ei(—t). These functions are defined as follows for
t>0:

t .
Si(t) = / MY,
0
Ci(t) = - / C5Y du,
t

_Ei(—t) = / € du.
t




Suggestion: Make an appropriate change of variables to turn the lowet bf the last two integrals into constant.

1

11. Find the inverse Laplace transform Bfs) = GIIEET)
S S

12. Volterra'sintegral equation Explain how to solve the integral equation of the followiyge

x(t) = g(t) + /0 k(t —u) z(u) du.

using Laplace transforms.
t

13. Solvex(t) = cost + / e~ () du.
0

14. Solve the following problem:

T 4284 2x =6(t —m), z(0) =%(0) =0
15. Let f(¢) be a periodic function with period: f(¢t +T) = f(t), with¢ > 0. Prove

T
LU0 = == [ € S ar

16. Prove that Volterra’s integral equation

x(t) + /Ot (t —u) z(u) du = sin 2t
is equivalent to the initial value problem
§(t) +y(t) =sin2t,  y(0) =5(0) =0
if 4(t) = z(t). Solve both problems.
17. By definition, the Bessel functiof(x) is a solution of the zeroth order Bessel's equation
oy +y +xy =0,

with initial conditions.Jy(0) = 1, J;(0) = 0.

(a) Calculate the Laplace transform .Gf

(b) By integrating the series expansion of the function ia term by term, obtain the expansion 4f

Suggestion: Use the binomial series

(1+a)2:1+ia(a—l)(a—Qn)'---(a—n—i—l)xn’ (x eR, || <1)
n=1 ’

and simplify the solution using the subfactorial function

(2n)!

(2n— DIl = ]

18. Thetautochrone A point particle is moving along a smooth curve without fiact due to gravity. If the time
needed to get to the minimum does not depend on the point froichvithe particle has started at rest, the curve
is called the tautochrone. Let us suppose that to get theiieguar this curvey(z), we choose the axig to be
vertical and upwards, andis thecurvilinear abscissa measured from the origin.



(a) Integrate the conservation law of mechanical energytain the time needed to get to the minimum
(b) Use Laplace transform in order to solve the integral qonabtained fowds/dy

(c) Find and integratéz/dy, to find the equation of the tautochrone.
—at __ ,—bt
19. Calculatel [%}

t
20. Solve this problem: + 22 + / x(u) du = sint, z(0) = 1.
0

2. i +x=0(t—m) —6(t —2m), z(0) = %(0) = 0.
22. Solve the system

i—y=t+1,
Gy —3r+y=2-1,
2(0) =0, y(0)=—11/9, (0)= 0.

d*z d?x dzx d?z d3z
AT 08T a0, z00=0, Zoy=1, Zooy=2 ZZ0)=-
el iamo =0 Zo=1 Tro=2 o

24. i+ (3t — )i — (4t + 9z =0,  2(0) =0.
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25. % + 2 = e ' cost, z(m) = a(m) = 0.

26. Prove that the rectified sinusoidal wave is

|sint| =sint+2> 0t — kr)sin(t — k)
k=1

. 1
and its Laplace transform readgﬁ coth g
S

27. Dirac's delta Calculate the following integral using Laplace transforms

-
/ AT e =T va>o.
A 2

X

Use this result and the one corresponding to the ease 0 to prove that the Fourier transform and inverse
transform of the unit function are the generalized Dira@&fi@ modulo some constant:

= / P dp = §(x).

27 J o

Suggestion: Separate the real and imaginary part, and usaititefunction in exercise sheet 3, and
a

lim sinxdxr =0
a—oo [_,

28. Fourier inversion formula.Use the result from the previous exercise to prove
1 [ . .
W Jy —
5| dwer = @

where

fo) = [ Z f(z)e 7" da



is the Fourier transform of the functiof{x). This proves that Fourier inversion formula is given by

f@) =5 [ e ap

29. Parseval’s theorem. Consider that the Fourier transforms of the functigits) andg(x) are given byf(p)
and g(p) respectively. Use the results from the problem alidwtc's delta to prove:

F(0)§(p)dp = 27 /OO f(x) g(x) da.

[e.e]
—0o0
30. Use Parseval’s theorem to calculate the following integral
< gin?t
/ 2Tt
t2
—0o0

31. Retarded differential equations.Consider the solution to the retarded equation
z(t)+x(t—1)=0.

in the domain—1 < ¢ < 0 with initial condition z(¢t) = 1. Calculate its Laplace transform and expand the
solution using the series 'e~%. Find the inverse transform to calculate the solution. é&setany other method
to find the solution? Discuss the differentiability of theusmn.

32. You may have heard that a group walking in military formatema bridge could break it. Explain this case
using the solution to this problem

P = ié(t —2%knm),  x(0) = &(0) = 0.
k=1

Why doesn't this misfortune happen always?

33. The Laplace transform for the functigf(¢) = In¢ is the following:

_Ins+~y

F(s) = .

Why is sF'(s) not bounded in the limit — co?

34. Give two different examples of functions that do not accegglace transforms

35. Duhamel’sformula. Let us suppose that in the constant coefficient equation
ay” +by' +cy = f(),

the functionf is piecewise continuous and of exponential order. Provettigesolution of the equation with null
initial value problemy(0) = 4/(0) = 0 can be written in the following way

given that the function is a solution to the problem

a2’ + b2 +cz=1 eta 2(0) = 2'(0) =0



Use this formula on the forced oscillator
y' +wly = f(z)
and compare it with the solution obtained using Cauchy’'shogbt

36. How long does an external constant force need to be appliathéomonic oscillator initially at rest , in order
for the oscillator to be at rest for ever once the force disapg?

37. Find the solutions to the following equation

[ van= [ vt - wan

Is it a linear equation?



