Ordinary Ditterential Equations Higher oraer equations

Based on JM Aguirregabiria’s textbook.

1. Find the differential equation that all the circles in tharp satisfy.

4. Write the following equation
y'+ f(y) =0

as quadratures. Even without solving the integral, we canngeresting qualitative information using physics.
Why?

5. Are the functiongy; = x andy, = |z| linearly independent in the domajfr-1, 1) ? Calculate the Wrosnkian
and explain the result.

6. Show that the function%xpiek”
Note: wheni # j, thenk; # k;

pi=0,...,n;;1=1,... ,n} are linearly independent in any domain.
7.Find the second order linear homogeneous equation that fradésof functions satisfy (a), 2, (b) z + 1, 2 + 1,
(C) z, e**.

8.(x+ 1)y +ay —y=(x+1)%

9. Derivation method Sometimes it is helpful to differentiate a high-order diprg even if the equation is
linear and solved in the highest derivative. For exampléjesthe equation in the previous exercise by taking
derivatives.

10. Discuss the fundamental problem of the equatjoa A(z)y = B(x)

11. Two-point Green’s function of the harmonic oscillator: Find and simplify the solution of the following
boundary-problem:

G (x,s) + W G(x,s) = 6(z — s), G(0,s) = G(¢,s) = 0.
Discuss the solution for different values of the parametegrs < ¢
12.y" — y = xe®.
13.y" +y = xe * cos z.
14. (D3 + D) y=1+e* + cosz.
15.(D+1)°y = e " +2°.
16.2%y" — 29/ +y = zIn3 z.

17.1n a smooth table, there is a 6 m chain, with one 1 m hanging fteredge. When will the last link of the
chain fall?
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V1+a?

19. <x2 — 1) y" — 6y = 1.
Suggestion: The homogeneous equation has a polynomial solution.

18.yy" + ()" =

20.y" + 10y + 25y = 2% 4 ze 7.
/
21.2y" =y'In Ly
x

22.Show that the function:—'/2 sin z, is a solution of Bessel’s equation

2y 4+ xy + (372 - 1/4) y=0

23. Write the following equation in quadraturgd — = f (z)y’ + f(z)y =0
24. (22 — 3)%y" — 6(22 — 3)y’ + 12y = 0.

25. Three solutions of the complete equatioiBuppose that the three functions, y» andys are particular
solutions of
Y+ a1 (2)y + as(z)y = b(x)

satisfying the following condition

Y1 Y2 Y3

yi Yo y5 | #0.

1 1 1
Show that the general solution to the equation is giveryby Ci(y1 — y3) + Ca2(y2 — y3) + y3 and that the
equation itself can be written &8 [y; — y3,y2 — y3,y — y3] = 0.

26.Show that if the functiong; andy- are zero in the same poimte I, they cannot form a system of solutions
to the following equation in the domai

y" +a1(x)y + az(z)y = 0.

27. Riccati's equation and second order homogeneous lineaguation Show that with the change of variables
u =1vy'/y, the following equationy” + a1 (z)y’+a2(x)y = 0 becomes Riccati’s equation. Find the transformation
that can transform any Ricatti’s equation into a secondrdndear homogeneous equation.

28. Forced oscillatorThis is the equation for a forced oscillator
i+ 2yi 4+ wix = fcos O, (v,wo > 0)

Show that the general solution to the homogeneous equéti®mne corresponding to thensient solution, is
the following
e " (Acoswt + Bsinwt), if v < wy,
z=1{ Ae” (VTN 4 Be= (1=t if v> wo,
(A + Bt)e ot if v = wo,

wherew = (/w3 —~2 and\ = /72 — w? < . Check that the particular solution we need to get the génera
solution to the complete equation can be given by :

(wg — Q%) cos Qt + 2yQ sin Ot

x = f R 92)2 Y = Acos(Qt + a),
A = /
N =
a = arctan M - E.
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This solution describes treteady-statesolution
29. Damped oscillatorShow that the oscillator
i+ 2vF + wir = 0, (72—w3>0)
goes through the equilibrium point the at most once. Whapag in the case of critical damping?

30. Calculate the general derivative of thign function:

1, ifxz>0,
sign(x) = 0, ifz=0,
-1, ifx<O.

31.Calculate the following generalized limit

nhlrolo ng [n(x — a)].

32.What will be the operation that the derivativéx — ) will define inside an integral? What can it be used for
in physics?

33. Using the defintions = (1 — 7*2)1/2, calculate the following limit
lim_vg (v(z — 6t))
whereg is any summable function. This is useful in special and gdmefativity.

34. Consider the following function

() = % {arctan (g) + g} 1)

and calculateo. (). Plot the functionsp. (z) andy’(x), for the values = 1,10~%,10~2. Calculatep.(x) and
¢L(x) in the limite — 0. Comment on the solution.

35. Exact second order linear differential equationsThe expressiomg(x)y” + a1(z)y’ + az(z)y is an exact
second order linear equation, if it is the derivative of aprapriate first order expressiofy (z)y’ + As(z)y

[A1(2)y + A2(2)y]" = ao(2)y” + a1(2)y + az(z)y.

Find what is the necessary and sufficient condition that de®sd order expression has to satisfy to be ex-
act. If it is not exact what is the condition that the integmgtfactor x.(z) has to satisfy so that the prodcut
() [ao(x)y” + a1(x)y’ + a2(x)y] is exact? Discuss the solving method for the equation

ao(2)y” + ar(z)y’ + az(x)y = b(x)
when then left hand side is exact. Use that method to solviotiosving equation
y' +ay +y=0.
36. Equations in finite differencesEuler's method for solving linear differential equationgtwconstant co-
efficients can be directly extended to solve finite diffeemguations of the same type. For example, let us

consider
Ty = Tpn_1 + Tn_o9, n=23,...



1. Trying solution of the right type, find the general solatior the equation

2. The solution corresponding to the initial values = 0 andx; = 1 is Fibonacci's series. Find the

expression foiF,,, the n-th number in Fibonacci's series.

3. Calculate thgolden number, which can be defined in the following way

¢ = nh_}rgo Foi1/F,.

37.1f Cy andC,, are arbitrary constants, what is tlevest order differential equation that has= C; +1n (Cax)
as its solution? Discuss your answer.

38.Solve
xy” = 2yy.
39. Show that the functio; = 1 andys = 1/« are linear independent solutions to Burger’s equation
y' +2yy’ =0
What is the general solution? (Careful!)
40.

2y + 2y —xy =0.

41.Find the general solution for
(22% — 22)y" + (5 — 1)y’ +y = 0.

42.Let us suppose that, is a particular solution to the first order linear homogergeguation,’ + A(z)y = 0.
Use the method of variation of parameters to find the genetatisn fory’ + A(z)y = B(x) as a quadrature.



