
Ordinary Differential Equations Higher order equations

Based on JM Aguirregabiria’s textbook.

1. Find the differential equation that all the circles in the plane satisfy.

2.
d5y

dx5
− 1

x

d4y

dx4
= 0.

3. y′′ − xy′′′ +
(

y′′′
)3

= 0.

4. Write the following equation
y′′ + f(y) = 0

as quadratures. Even without solving the integral, we can get interesting qualitative information using physics.
Why?

5. Are the functionsy1 = x andy2 = |x| linearly independent in the domain(−1, 1) ? Calculate the Wrosnkian
and explain the result.

6. Show that the functions
{

xpiekix : pi = 0, . . . , ni; i = 1, . . . , n
}

are linearly independent in any domain.
Note: wheni 6= j, thenki 6= kj

7.Find the second order linear homogeneous equation that these pair of functions satisfy (a)x, x2, (b) x + 1, x2 + 1,
(c) x, e2x.

8. (x + 1)y′′ + xy′ − y = (x + 1)2.

9. Derivation method.Sometimes it is helpful to differentiate a high-order equation, even if the equation is
linear and solved in the highest derivative. For example, solve the equation in the previous exercise by taking
derivatives.

10.Discuss the fundamental problem of the equationy′ + A(x)y = B(x)

11. Two-point Green’s function of the harmonic oscillator: Find and simplify the solution of the following
boundary-problem:

G′′(x, s) + ω2G(x, s) = δ(x − s), G(0, s) = G(ℓ, s) = 0.

Discuss the solution for different values of the parameter0 ≤ s ≤ ℓ

12.y′′ − y = xex.

13.y′′ + y = xe−x cos x.

14.
(

D3 + D
)

y = 1 + e2x + cos x.

15.(D + 1)3y = e−x + x2.

16.x2y′′ − xy′ + y = x ln3 x.

17. In a smooth table, there is a 6 m chain, with one 1 m hanging fromthe edge. When will the last link of the
chain fall?



18.yy′′ +
(

y′
)2

=
yy′√
1 + x2

.

19.
(

x2 − 1
)

y′′ − 6y = 1.
Suggestion: The homogeneous equation has a polynomial solution.

20.y′′ + 10y′ + 25y = 2x + xe−5x.

21.xy′′ = y′ ln
y′

x
.

22.Show that the functionx−1/2 sin x, is a solution of Bessel’s equation

x2y′′ + xy′ +
(

x2 − 1/4
)

y = 0

23.Write the following equation in quadraturesy′′ − xf(x)y′ + f(x)y = 0

24.(2x − 3)2y′′ − 6(2x − 3)y′ + 12y = 0.

25. Three solutions of the complete equation:Suppose that the three functionsy1, y2 and y3 are particular
solutions of

y′′ + a1(x)y′ + a2(x)y = b(x)

satisfying the following condition
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6= 0.

Show that the general solution to the equation is given byy = C1(y1 − y3) + C2(y2 − y3) + y3 and that the
equation itself can be written asW [y1 − y3, y2 − y3, y − y3] = 0.

26.Show that if the functionsy1 andy2 are zero in the same pointx ∈ I, they cannot form a system of solutions
to the following equation in the domainI

y′′ + a1(x)y′ + a2(x)y = 0.

27. Riccati’s equation and second order homogeneous linearequationShow that with the change of variables
u = y′/y, the following equationy′′+a1(x)y′+a2(x)y = 0 becomes Riccati’s equation. Find the transformation
that can transform any Ricatti’s equation into a second order linear homogeneous equation.

28. Forced oscillatorThis is the equation for a forced oscillator

ẍ + 2γẋ + ω2
0x = f cos Ωt, (γ, ω0 > 0)

Show that the general solution to the homogeneous equation,the one corresponding to thetransient solution, is
the following

x =











e−γt (A cos ωt + B sin ωt) , if γ < ω0,

Ae−(γ+λ)t + Be−(γ−λ)t, if γ > ω0,
(A + Bt)e−ω0t, if γ = ω0,

whereω ≡
√

ω2
0 − γ2 andλ ≡

√

γ2 − ω2
0 < γ. Check that the particular solution we need to get the general

solution to the complete equation can be given by :

x = f

(

ω2
0 − Ω2

)

cos Ωt + 2γΩ sin Ωt
(

ω2
0 − Ω2

)2
+ 4γ2Ω2

= A cos(Ωt + α),

A ≡ f
√

(

ω2
0 − Ω2

)2
+ 4γ2Ω2

,

α ≡ arctan
ω2

0 − Ω2

2γΩ
− π

2
.



This solution describes thesteady-statesolution

29. Damped oscillatorShow that the oscillator

ẍ + 2γẋ + ω2
0x = 0,

(

γ2 − ω2
0 > 0

)

goes through the equilibrium point the at most once. What happens in the case of critical damping?

30.Calculate the general derivative of thesign function:

sign(x) =











1, if x > 0,
0, if x = 0,

−1, if x < 0.

31.Calculate the following generalized limit

lim
n→∞

ng [n(x − a)] .

32.What will be the operation that the derivativeδ′(x− a) will define inside an integral? What can it be used for
in physics?

33.Using the defintionβ =
(

1 − γ−2
)1/2, calculate the following limit

lim
γ→∞

γg (γ(x − βt))

whereg is any summable function. This is useful in special and general relativity.

34.Consider the following function

ϕε(x) =
1

π

[

arctan

(

x

ε

)

+
π

2

]

(1)

and calculateϕ′

ε(x). Plot the functionsϕε(x) andϕ′

ε(x), for the valuesε = 1, 10−1, 10−2. Calculateϕε(x) and
ϕ′

ε(x) in the limit ε → 0. Comment on the solution.

35. Exact second order linear differential equationsThe expressiona0(x)y′′ + a1(x)y′ + a2(x)y is an exact
second order linear equation, if it is the derivative of an appropriate first order expressionA1(x)y′ + A2(x)y

[

A1(x)y′ + A2(x)y
]

′

= a0(x)y′′ + a1(x)y′ + a2(x)y.

Find what is the necessary and sufficient condition that the second order expression has to satisfy to be ex-
act. If it is not exact what is the condition that the integrating factor µ(x) has to satisfy so that the prodcut
µ(x) [a0(x)y′′ + a1(x)y′ + a2(x)y] is exact? Discuss the solving method for the equation

a0(x)y′′ + a1(x)y′ + a2(x)y = b(x)

when then left hand side is exact. Use that method to solve thefollowing equation

y′′ + xy′ + y = 0.

36. Equations in finite differencesEuler’s method for solving linear differential equations with constant co-
efficients can be directly extended to solve finite difference equations of the same type. For example, let us
consider

xn = xn−1 + xn−2, n = 2, 3, . . .



1. Trying solution of the right type, find the general solution for the equation

2. The solution corresponding to the initial valuesx0 = 0 and x1 = 1 is Fibonacci’s series. Find the
expression forFn, the n-th number in Fibonacci’s series.

3. Calculate thegolden number, which can be defined in the following way

φ = lim
n→∞

Fn+1/Fn.

37.If C1 andC2 are arbitrary constants, what is thelowest orderdifferential equation that hasy = C1+ln (C2x)
as its solution? Discuss your answer.

38.Solve
xy′′ = 2yy′.

39.Show that the functiony1 = 1 andy2 = 1/x are linear independent solutions to Burger’s equation

y′′ + 2yy′ = 0

What is the general solution? (Careful!)

40.
xy′′ + 2y′ − xy = 0.

41.Find the general solution for
(2x2 − 2x)y′′ + (5x − 1)y′ + y = 0.

42.Let us suppose thatyh is a particular solution to the first order linear homogeneous equationy′ + A(x)y = 0.
Use the method of variation of parameters to find the general solution for y′ + A(x)y = B(x) as a quadrature.


