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6.1 Power series: Revision

» We will solve second order homogeneous equations
using power series 6.1 Power series:

Revision

» We will denote Power series as follows:

o0
Z an(x — xp)".
n=0

» The convergence radius will be:

an

p(x0) = lim

n—oo

dn+1

» When the limit exists, or it is +00, the series is
absolutely and uniformly convergent in the radius
|x — xo| < p, but divergent for |x — xo| > p.
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6.1 Power series:

» Thus, when p = 0 the series is convergent at most at xp. Fzstor
» On the other hand, if p = 400, then the series is
convergent everywhere.

Exercise 6.1

» Can you give another way of calculating the radius of
convergence?

p(xo) = ,-,Il_)ngo |an‘—1/n'




» Let us consider the following two series: ODE Topic 6

F(x) = anlx —x0)",  &(x) =) balx —x)",
n=0 n=0

and let us assume that they are convergent for 6.1 Pover series:

Revision

|x — xo0| < p.
» Their linear combination goes to the sum of the
corresponding combination:

oo

af(x) + Bg(x) = > (can + Bbn)(x — x0)" ,
n=0
where « and 3 are constant.
» The formal product of two series also goes to another
series:

f(x)g(x) = [Z an(x — xo)"] [Z bn(x — xo)”] =
n=0 n=0

> [
n=0

i akb,,k] (X — Xo)n.
k=

0
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One can calculate the case f(x)/g(x) in a similar
manner, for the points g(xp) # 0, but it is not easy, in
general, to get an expression for the coefficients

The series can be differentiated indefinitely in the circle

. .. 6.1 Power series:
|x — xo| < p and its coefficients can be calculated term Revision
by term:

F1(x) = nan(x —x0)" 7,
n=1

1 1
an = Hf(")(xo), Fx) = —FD(x—x)".

Two series are the same if the coefficients
corresponding to each order are the same

f(x) = g(x) < ap, = by.




» On the other hand, if p > 0, the function f(x) is
analytic around the point x = xp.

>

ODE Topic 6

6.1 Power series:
Revision

If f and g are analytic, then af + g, fg and f/g are
analytic.

For example, polinomials and sin x, cos x, exp x, sinh x
and cosh x are analytic functions around any point
But, for example, In(1 + x) has p(0) = 1.




Exercise 6.2

» Find the convergence radius and the sum of the

following series:

X2 X3 X4

f pry —_ — _— —
1) =x—5+5 -+

2 3

X X X

hx)=1—2 4+ -
2(x) 2+4! 6|+

f(x) =14 2x+3x% +4x> + ...

1 5 3
fx6+—x8+—x10+...

3
fa(x) =1+ x>+ >x*
a0 =14x74 X+ 5 16 16

For the first case, it is clear that for x; = 0 one has:

(-1

Vn > 1.

dp =

ODE Topic 6

6.1 Power series:
Revision




On the other hand,

p(0) = lim L
n—oo | dpt1
1
_1 n+1 -~
lim ‘ = n ’— it
n—oo 1 - n
—1)nt+2 —
(=1) n+1
Finally,
f; — n+1Xn I
10 = 31" = in(14x)
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6.1 Power series:
Revision




ODE Topic 6

Therefore,
0)=1i m =
p(0) = lim -~
1 6.1 Power series:
( 1 ) n l Revision
lim ’ (2n1). ‘ = ‘2(n+ 1)’ = +00
n—oo (—1)m+1
2(n+ 1))!
Finally
f(x) = ;(1)"(;)! =cosvx  (Ix] < +o0).

» In the third case we have for xg = O:

ap,=(n+1) Vn>0.
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Therefore,
0)=1 =
p(0) = lim o
||m n + 1 ‘ 1 gel\/il;o(;:er series:
n—oo | n+ 2
Finally,
) =S (n+1x"=(1-x)"2 (x| <1).
n=1

» For the fourth case, as all the powers are even, we can
define y = x? and then write

fa(x) = ga(y(x)) = X oo bny". Then, we have

1
bn:”; Vn > 0.
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Therefore b
O - ||m 1 - ower series:
p( ) n—oo bn+1 gelvizion
) (n 4 1)2n+1
lim |———— | =
n—oo (n + 2)2"

Beraz, guztira

f(x) = i Ry = i(w 1) (X;) _

n=1

[y

3
iy
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6.2 Series solutions

» From now on, we will find solutions for the equation
y" + P(x)y’ + Q(x)y = 0 using two types of series: 0.2{Seriesjsolutions

» ordinary series

oo
y= E cn(x — x0)"
n=0

» and Frobenius series
oo
y=(x—x)* Z cn(x — x0)"
n=0

where the power A is the index of the series
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» In order to find the solution around a point, we have to
choose a convenient series, and for that we need to
study the nature of the point.

» If the functions P(x) and Q(x) are analytic around the 6:2 Series solutions
point xg, then the point is ordinary. Otherwise, the
point is singular.

» But even if xg is a singular point, if the functions
p(x) = (x —x0)P(x),  a(x) = (x —x0)*Q(x)

are analytic around that point, it will be a regular
singular point (in other words, when the functions P(x)
and Q(x) have a first order and second order pole
respectively). In other case, the point will be an
irregular singular point.
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6.2 Series solutions

» For convenience, we will always consider that the
solution will be calculated around xg = 0
» We can always do that by translation
» or changing a change of variables such as x = 1/t in
case we need the solution at infinity




ODE Topic 6

Exercise 6.3

» Classify the singular points of the following equation:

X2(X2 - 1)2y// o 2X(X + 1)y/ —y = 0. 6.2 Series solutions

> We clearly have
2x(x + 1) 2
P = — e
W=t 1) T e DG 1)
1
)=~ G- D 1)
The singular points are x =0, x = —1 and x = 1.
Taking into account the definitions, x =0 and x = —1

are regular, but x = 1lis irregular.
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6.3 Ordinary points

6.3 Ordinary points

» Let us suppose that the coefficients P(x) and Q(x) of
the equation y” + P(x)y’ + Q(x)y = 0 are analytic
around x = 0, then the series

P(x) = Z Pox™,  Q(x) = Z Qnx",
n=0 n=0

are convergent in |x| < p for some p >0
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» Let us now consider the solution and its derivatives
| 4
o0
y=> ",
n=0
oo
y' = Z ne,x" 1,
n=1
o0
=> -
n(n—1)c,x"=.
n=2

6.3 Ordinary points




» In order to compare the series, we want all of them to ODE Topic 6
have order n:
> In the series for y’ we will make the change n — n+1

o0 o0
y = Z nc,x" ! = Z (n+1)cpyx(mD=1 =
n=1

n+1=1

6.3 Ordinary points

oo

Z(n + ].)Cn+1Xn,

n=0
» and for the series y”, we will make the change
n—n+2

o0
E n(n —1)c,x" 2=
n=2

S (0 2)((n+2) — Depuax™H2 =
n+2=2

oo

D (n+2)(n+ 1)cpax".

n=0




» Using the properties of the series revised earlier, we ODE Topic 6
have

6.3 Ordinary points
Z(k + 1)Pn—ka+1] x",

2
I
(]2

e}
y' = (n+2)(n+1)casox".

n=0

» And thus

Y'+ Py +Qr=>> {(n+2)(n+1)cosat
n=0

Z [Q,,_kck + (k + l)P,,_kckH]} X".

k=0
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» Thus, for the series that we have proposed to be the
solution to the equation, the following relation has to
be satisfied order by order for all n, in other words, for
n=20,1,2,... we need:

6.3 Ordinary points

n
(n+2)(n+1)cnia+ Y [Qnokck + (k + 1)Pn_ycr1] = 0
k=0

» |t can be seen that ¢y and c¢; are free parameters, we
can choose them as we wish

» Then, if ¢, c1, ¢, ..., Cht1 are known, then we can
calculate cp42 by means of

1 n
Cpt2 = —m ; [Qn_kck + (k+ 1)Py_kcks1]
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Exercise 6.4

» Use the method of series to solve the following equation

(x2—1)y" +4xy’ +2y =0

6.3 Ordinary points

» The following will be helpful

oo
y=2_ o’
n=0

o o0
y' = Z ne,x""t = Z(n + Depix" = ...
n=1 n=0

[e.°] (o9}

y' = n(n—=1)ex"2 = (n+2)(n+ 1)cprox".

n=2 n=0
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» Then we have

n=2

(x* = 1)y" + 4xy’ +2y = x* (Z n(n— l)c,,x”_2) — 58 @l pris

Z(n +2)(n+ 1)cppox" + 4x (Z nc,,x"1> +

n=0 n=1

2 (i c,,x”) = (Z n(n— 1)c,,x”> +

o0 o0
4 (Z ncnx”> + Z (2¢h — (n+2)(n+ 1)cpez) X"
n=1 n=0




» Term by term
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6.3 Ordinary points

C = @ 1 =3C
Cm = Cm+2
y(x)=c E X"+ E X" =
nodd neven
Co X (5]
y(x)
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» We will now obtain the general solution corresponding
to an ordinary point or to a regular singular point

» For convenience, we will write our equation as:
2 I 6.5 Method of

x°y" + xp(x)y’ + q(x)y = 0. Poenee

» Since the origin is by hypothesis ordinary or regular
singular, we have that the series

p(x) = xP(x) = anx”, q(x) = x2Q(x) = Z gnx"
n=0 n=0

are convergent for |x| < p for a given p >0

» It can be seen that one sufficient and necessary
condition for the origin to be ordinary is

Po = qo = q1 = 0.
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» The method of Frobenius consists of trying a solution of
the type

6.5 Method of
Frobenius

y = Z cnx™ (o #0).
n=0

This series will be convergent at least for 0 < |x| < p
» We can obtain then:

o0

xy' = Z(n + A)cpx™A
n=0

oo

X2y = Z(n + X —1)(n+ X"
n=0
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» Using the series expansions of g(x) and p(x) we get:

oo n
qy = Z [Z CIn—ka] X"

n=0 Lk=0 6.5 Method of

Frobenius

n=0 Lk=0

xpy' = Z [Z(k + )\)pnkck] XA

> All in all, this is the equality we have to solve

(n+XN)(n+A—1)c, + z”: [(k+ XN)pn—k + Gn-k]ck =0

forn=0,1,2,...
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» |t is convenient to define the index function:
Z(u) = u(u—1) + pou + qo.

» Using this definition, our main equation reads 65 Method of

n—1

Z(n+ A)ecn + Z [(k+ X)Pn—k + Gn—k] ck =0
k=0

» Now, taking n = 0 we get
Z(N)co = (AMA=1) + pou + qo)co = 0

and using ¢g # 0, the previous equation gives the
possible values for A.
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» From Frobenius' theorem, the largest of these index
(A1) will always gives as a bounded solution: et

Frobenius
o0

y = Z X" (o #£0).
n=0

» Once we know one solution, we can use the method of
d'Alembert to get the second solution
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» If the equation to solve is given to us in the following
form ,
h(x)y" + xp(x) + q(x)y =0 e
where h(x) is a polynomial, it is convenient to multiply
the equation with some power of x, such the smallest
power in the term corresponding to y” is x?

» Doing this, the method can be applied in the same way,
but the index equation will change
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Example: September 2005

6.5 Method of
Frobenius

» Solve the following equation

x(x=1)y"+3y' =2y =0
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Example: September 2002

6.5 Method of
Frobenius

» Solve the following equation

x(x —3)y” — (x> = 6)y’ +3(x — 2)y = 0.
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Example: September 2006

6.5 Method of
Frobenius

» Solve the following equation

xy" +xy' +y=0.
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Bessel's equation

» Let us study the following equation:

Py xy + (= i)y =0

6.5 Method of
Frobenius

» The origin is a regular singular point
» We will then use a Frobenius series

» By direct calculation we get
()‘2 - M2)C0 = 07

[(A+1)? = 1) =0,
[(A+n)2 = pD)cn+cno=0,n=23,...




Therefore, the indices of the equation are A = +p SRERCriEls
It can be seen that the equation has two solutions given
by:

y1 = Jd(x) eta y» = J_,(x),
where

oo R
(—1) X\ i+2k Bt
J(x) = —(7) .
v(x) ;)k!r( thk+1)\2

This is know as Bessel Function of the first kind
One would think that the general solution to Bessel's
equation is the following:

y = AJ,/(X) + BJ,Z,(X),

but since

_ 2sin(vm)

Wy (x), S (x)] =

the solutions are not linearly independent when v is an
integer

X
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» In that case we have to define Bessel functions of the
second kind

Yo (x) = cos(vx)Jy,(x) — J_,,(x).

6.5 Method of
Frobenius

sin(vx)

» It can be seen that Y, is a solution of the equation and
WL (x), Yo(x)] # 0
» The general solution is then

y = AJy(x) + BY,(x).
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