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Laplace transforms

Ordinary differential equations
Topic 5

Laplace transforms
5.1 Definition, 5.2 Properties, 5.3 Inverse transform, 5.6
Linear equations with constant coefficients
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5.1 Definition

» We will study a new concept, which will be useful in
order to solve problems with initial conditions:

f(t) — F(s)
Function of Laplace Function of
the real variable t transform the real variable s

» We will turn a differential equation into an algebraic
equation

» It is very important from a theoretical point of view: it
is widely used in the theory of circuits and in quantum
mechanics
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5.1 Definition

» The Laplace transform F of the function f will be
defined by the following integral:

L[] = F(s) = /0 et (1) dr




Exercise 5.1 ODE Topid 5
» Show that the Laplace transform of f = 1 is the Jplace
following:

ey =2 ifsso.
S

» Applying the definition

o0 R
L[1] = / e *'dt = lim / e Stdt =

_ R _
. e st . 1 e sR 1
lim |— = lim |- — = —.
R—o0 S 0 R—oo | § S S

» Bear in mind that the expression is well defined because
we have that s > 0.
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» When calculating Laplace transforms, it is useful to use
the following function: the Heaviside function. This is
usually expressed as 6(t) and it is defined as:

5.1 Definition

1 t>0

o(t) =
®) 0 t<0

04f

0.2¢
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> Clearly
5.1 Definition

1 t>a

ot —2) = 0 t<a

» For example, the function 0(t — 2) will be:

(t-2)
10

|

0.8

0.6

04r

0.2

N ——————




» Note that in order to calculate the Laplace transform of
the function f(t), the value of the function at t <0 is
not important, so we will always take:

» Here are two examples showing the effect of applying
the Heaviside function:

Sin(t) 6(t) 2 (1)
250
200
150
t 100
50
t

-15-10-5 5 10 15

» If s > 0 we have

L[] = £]6(8)] = %
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5.1 Definition
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5.1 Definition

» The following properties will be useful:
» 0%(t—a) =0(t — a),
» O(t — a)0(t — b) = 6(t — max(a, b)).
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The F(«) space

5.1 Definition

» We need some condition in order for the integral in the
Laplace transform to exist

» The function f will be or exponential order « if, given a
constant « and the positive constants tg, M, the
following is satisfied

e “Yf(t) <M  Vt>t.

» The functions that satisfy the condition form the F(«)
space.
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Exercise 5.2

5.1 Definition

» Prove that the functions 1, sin at and cos at belong to
the F(0) space
> Forf =1

1| <M VYM>1, Vt>0
For f =sinat
[sinat|] <M VYM>1, Vt>0
For f = cos at
[sinat|] <M VYM>1, Vt>0

Therefore, since o = 0, then all the above functions
belong to F(0)..
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Another exercise

5.1 Definition

» Which is the exponential order of the function e5i"t?

> Since |sint| <1,

<eMt<e Vt>0,

o |~

and _
et <e Vt>O0.

Thus, if we choose M = e, we find that the exponential
order is 0.
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And yet another one

5.1 Definition

» Which is the exponential order of e(ltcost)t?

> Since (14 cost)t < (1 +|cost|)t < 2t, we have that
at least for Vt > 1 then

e(1+cost)t < e2t Vi > 1.
The exponential order is 2.
(actually, more careful analysis shows that it holds for
vt > 0.739).
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Exercise 5.4

5.1 Definition

» » Prove that if f € F(a) and g € F(3), then
fg € F(a + f)

> We know for f that for some constants M; and t;
[f(t)] < M1e® Vt > t.
And for g, given the constants M, and t;
lg(t)] < MaePt Vit > t,.
Then, we will have that
[F(t)g(t)] < MyMae® Pt Yt > max(ty, to)

so this means that fg € F(a + ).
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> If f(t) € F(a) then the following properties will be
satisfied:
» The transform F(s) will be defined for s > «
» The function sF(s) will be bounded at s — oo, so
lims—s0 F(s) = 0.
» For example, since 1 € F(0), the transform L[1] will be
defined for s > 0. Moreover, lims_,o, £[1] =0
» In this case this is obvious, since we have seen
previously that

5.1 Definition

lim L[1] = E

s—00 S

» From now on, we will assume that the function f(t) will
belong to the appropriate F(a).




Exercise 5.5 ODE Topid 5
» Prove the following Jplace
at 1 .
Ek ]:___ if s>a
s—a
>

© R
C [eat] — / e Ste?tdt — lim / e(a—s)tdt
0 0

R—o0

ela—s)t R
[im =
R—oo | @a— S
0
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5.2 Properties
Linearity

» From the linearity of the integral, we get:
L[af (t) + bg(t)] = aL[f(t)] + bL[g(1)],

where a and b are constants.

» Therefore, if our differential problem is linear, we will
not lose the linearity when performing the transform.




Exercise 5.6

» Use linearity and the transform of the exponential to
prove

L][cosh at] = 52% L[sinh at] = 52%

a2’ a2’
for s > |a
without calculating any integral.
> On the one hand
at —at at —at
+e . —e
coshat = ——, sinhat = —
2 2

and on the other

L[] = % if s> a,

if s > —a.

Lle ] = P
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5.2 Properties
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» Then,
C[eat] C[efat] 5.2 Properties
2 T3

= L + L = for s > |a|
2(s—a) 2(s+a) s2-—2? '

L[cosh at] =

> In a similar way we have,

oo} le
2 2

= LI ! =2 for s > |a|
C2(s—a) 2(s+a) s2-—2? '

Llsinh at] =
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Theorem of displacement

» If F(s) = L[f(t)] for s > «, then, using the definition
of the Laplace transform,

Cle*tf (1)) = /0 e tett f(t)dt =

/ e 57 f(t)dt = F(s—a) fors—a>a.

0

» The transform of the product between f(t) and e, is
the translation of the transform of the function f(t).
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» Using the result of the previous exercise:

L[ef cosh bt] = (5_55723_[)2, for s > |b| + a,
L[e®" sinh bt] = b for s > |b| + a.
(s —a)2—b?’

» Remember that we are working with the hypothesis that
the functions f(t) are zero for t > 0.
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Exercise 5.8

» Use a change of variables to prove the following: if
F(s) = L[f(t)] for s > «, and a > 0, then

LlO(t — a)f(t —a)] =e *F(s), if s > a.
> From the definition:

C0(t — a)F(t — a)] = /Ooo e=0(t — a)f(t — a)dt =

/ e *'f(t — a)dt.

Now, changing variablesto 7 =t — a

LIt — a)F(t — a)] = /O T oSt (1) dr =

e_sa/ e~ Tf(r)dT = e"¥F(s), for s > a.
0
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Exercise 5.9

» Prove, without calculating any integral that for a > 0:

—as 5.2 Properties

, for s > 0.

clo(t —a) = &

> We know that the transform of f(t) =1 for s >0 is
L[1] = % for s > 0.
Now, using the result of 5.8,
L[O(t — a)] = e~*?/s, for s > 0,

But in order for the previous result to be acceptable we
need a > 0, because for a < 0 we have

lim e™*/s #0.
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Change of scale
Exercise 5.10

» Let us suppose that when a > 0 and s > «, then
F(s) = L[f(t)]. Prove that

C[f(at)] = %F (5), ifs>aa

> Applying the definition

C[f(at)] = /0 oSt (at)dt.

Now, changing variables to 7 = at:

a

L[f(at)] = %/OOO e h(r)dr = F (2),

if s > aa.
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Derivatives

» Let us suppose that f,f’,... f(") € F(a) and
F(s) = L[f(t)] for all s > a.

» Supposing that the derivative of f is continuous in
[0,00), let us calculate the transform of the derivative
f:

(e}

/ e Stf!(t)dt = e—Sff(t)|g°+s/ e " f(t)dt.
0 0

» Bearing in mind that the exponential order of the
function f(t) is «, then lims_o e ' f(t) = 0 for all
s> .

» Thus

L[f'(t)] = sF(s) — f(0), fors > a.




» By induction, we can get, for s > a:
L[f'(t)] = sF(s) — f(0).

LIf"(£)] = s*F(s) — sf(0) — £(0),

LIF"(0)] = s"F(s) = s" 1 £(0)—
S"2F(0) = = s72(0) — A0 (0).

» We will suppose that f(0), f/(0), f”(0)--- exist as
right limits

ODE Topid 5




Exercise 5.11 ODE Topid 5

» Use L[f'(t)] = sF(s) — f(0) to get the transform of e?*.
>

Clae™] = £ ()] = sEfe] - oo = sLle”] - 1.
On the other hand,
L[ae] = aL[e*].

Then,
alle®] = sL[e*"] — 1,

and so

(Lle*](a —s)) = -1, L[e?"] = sTla if s> a.
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Exercise 5.12 DE Topid 5

» Use the definition of the transform, and then induction,
to prove: 5.2 Properties

LItF(t)] = —F'(s) ifs>a,

L[t"F(1)] = (-1)"F(s) ifs>a

> Bearing in mind that

F(s) = /O T ettt

we can take a derivative with respect to t to get

Fi(s) = -1 /0 T estif(t)dt
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Taking further derivatives

] 5.2 Properties

F/(s) = (—1)? /O e S 2f (1) dt,

F"(s) = (-1)° /Ooo e '3 f(t)dt,

F("(s) = (—1)"/ e St f(t)dt.
0
And then we get:

LIt"F(1)] = (~1)"FM(s) if s> o
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» Prove (without performing any integral)

5.2 Properties

" n! _
,C,[t]:—sn+1 if s >0,
n_a n! .

E[tet]:m |]c5>(/¥

> Bearing in mind that
L[t"f(t)] = (—1)”F(”)(s) if s > «,

and in this case f(t) = 1, and L[f(t)] = 1/s,
then

] dn (1 nl
Ll = (-1 <;)_5n+l if s> 0.
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5.2 Properties

» Let us study the second case now.
First we denote L[t"] = F(s).
Using the displacement theorem

L[t"e®"] = F(s — a)

In this last expression, we do the change s — s — a to
get:
n!

L[t"e?] = Gt
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» Remember that
LI0(t)f(t)] = LIF(t)] = F(s)

then, it is convenient to write this in the most general
way as

LI(e)tf ()] = —F'(s)
L[6()e"F ()] = (1) F")(s)

|
LIo(2)t" = 5"—+ ifn=1,2,---

1

n!

L[O(t)t"e™] = G_a

ifn=12-
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» Some other useful transforms (Use the book!)

L[6(t) sin(at)] = ﬁ
LI0(E) ¢ sin(at)] = (52%2)2
L[6(t) cos(at)] = 52+;32

2 _ 2
L[6(t)t cos(at)] =

(s2 + a%)?
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5.3 Inverse transform

» There is a general formula to get the inverse transform,
but we will mostly do it by inspection

» The inverse transform is denoted as:
E_l[F(s)] = f(t).
» We will also use that it is linear:

L7Y[aF(s) + bG(s)] = aL7Y[F(s)] + bLTYG(5)].
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> Let us try one example:

1
F — . 5.3 Inverse transform
(5) s(s+1)?

We can decompose it in simple fractions

get:
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5.3 Inverse transform

£t [— (si 1)2 = —0(t)te "

The final answer being

-1 1 _ _ ot
c [S(SH)J 6(t) (1= (1+ )e").
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» Find the inverse transform of the following functions:

s
Fls) = s3—s2—s+1
2s
F(S) = 7(52 n 1)2

» For the first case we can decompose it as

s S S S
$3—s2—s+1 2(s—-1)2 4(s—1) 4(s+1)

We know that:

nl

Lle*tt"] = L[A(t)e "] = et
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Then
1 ; 1 ot
(5_1)2 :L[G(t)e t]v (5_1) —E[@(t) ]a
1 —t
(s+1) = £le™:
and,
F(s) = (S S S

2(s—1)2 4(s—1) 4(s+1)

SLlo(t)et] + LI0()e] — 5 LI(De ],

The solution is then

LUF(s)] = £(£) = %H(t)(et(2t+ 1)—e ).
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5.3 Inverse transform

» The second case is easier:

1
s2+1

LR = £ (- )] =

L‘l[%ﬁ[— sint]] = tsint.
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5.6 Linear equations with constants coefficients

5.6 Linear equations

» Due to the properties of the Laplace transform, the
. . . . . with constants
derivatives become multiplications Coeficients

» We can use that property to solve the initial value
problem of a differential equation (or system of
equations) with constant coefficients using the following
method:

1. Calculate the Laplace transform of the differential
problem

2. Solve the algebraic problem

3. Find the inverse transform

» Laplace transforms are specially useful when the
inhomogeneous term is defined in parts
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Exercise 5.23

» LEt us consider the following differential equation

5.6 Linear equations
with constants
coefficients

1, f0<t<m,
fbx=4" ™ x(0) = x(0) = 0.
0, ift>m,

Show that the inhomogeneous term is 6(t) — 0(t — )
and solve the problem. Is the solution continuous?

» Let us study the following relation with a graphic:

1, fo<t<m,
0, ift>m.

o(t)—6(t—m) = {




10 o)
o5tk
. . \
-2 2 4
-05F
-10p —6(t-m)
10} o(t)—6(t—rn
1
1
1
1
o5k 1
1
1
1
1
i L L i
-2 2 4
-05F

-10
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5.6 Linear equations
with constants
coefficients




» In general we will have:

O(t —a) — 6(t — b)

)
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5.6 Linear equations
with constants
coefficients

if a<t<b,

otherwise.
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o(t=a)
1
1
1
1
1
1
1
1
1
1 b t 5.6 Linear equations
a with constants
coefficients
—0(t-b)
Ot-)-0(t_b)
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
! !
a b t
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» Let us solve the problem now
If we call X(s) = L[x[t]].
Then

5.6 Linear equations

L[x[t]] = s2°X(s) — sx(0) — x(0) = s°X(s), Rk

where we have used x(0) = x(0) = 0.
> The equation to solve is

X+ x=0(t) —6(t — ).

Then,
L[x + x] = L[O(t) — 0(t — 7)].

Using previous results we get:

L%+ x] = $2X(s) + X(s) = (s> + 1)X(s)




On the other hand

—TS

o) =3, Ll =

The transform then reads:

1 e*TK’S 1_e77l'5
2
1)X(s) = = — =
(2 + DX(s) = - = :

1—e 7S
X(s) = ——

e ()

ODE Topid 5

5.6 Linear equations
with constants
coefficients
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» We need to calculate the inverse transform now.
» Remembering the following relation:

L[O(t — a)f(t — a)] = e **F(s)

defining F(s) = L[f(t — a)].
It can be seen that:

X(s) = (1— &™) (£[0(t)] - LI6(t) cos t]) =
(L[O(t)] — L[6(t) cos t]) — e~ ™ (L[O(t)] — L[cos t]) =
L[0(t)] — L[6(t) cos t]—

Llo(t — )] — L[O(t — 7) cos(t — )] =
L[O(t)(1 — cost)] — L[O(t — 7)(1 — cos(t — 7))].
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» Then
X(s) = L[x(t)] = L[O(t)(1 — cos t)—
0(t - 7'(')(1 - COS(I’ - ﬂ-))]? 5.6 Linear equations

and the solution is
x(t) = 0(t)(1 —cost) —6(t — m)(1 — cos(t — m)).

» In order to check the the continuity, we can write it as

(t) l1—cost m#m>t>0
x(t) = .
—2cost t>m

And as this is satisfied:

lim =1—cosm =2, lim =—-2cosw =2.

t—m— t—m

The function is continuous
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» Solve the following initial value problem:

t O0<t<l,
0 x(0) =x(0) =0. |

X+2x —3x =
0 t>1 , coefficients

> The problem can be rewritten as:
X+2%x—3x=t[0(t)—0(t—1)] =
to(t) — (t—1)0(t —1) — 6(t — 1)

Taking its Laplace transform and bearing in mind
x(0) = x(0) = 0, one gets

(s +25—3)X(s) = (s +3)(s — 1)X(s) =

1 o(1,1
— —e —+=].
52 s2 s




We can solve for X(s) now:

1

— efs

e*S

X(s) =

- s2(s+3)(s—1)

1

1

(1=e™) (4(5

_1)
1

36(s + 3)
1

(g

s—1)+

12(s+3)

s(s+3)(s—1)

ODE Topid 5

5.6 Linear equations
with constants
coefficients
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To solve the problem, we need another "recipe”.
Remember the relation

L[e*f(t)] = F(s — a) if L[f(t)] = F(s)

5.6 Linear equations

Let us define
g(t) = e f(t) with F(s — a) = G(s).
Using that
L19(t — b)g(t — b)] = e">G(s) if L[g(t)] = G(s)
Then
L[O(t — b)g(t — b)] = L[A(t — b)e* =P f(t — b)] =

e PF(s —a).




So what is the value of the following ?

e—bs

o |

s—a
In this case we have f(t) = 6(t) and then

— b

E‘l[seTsa] = 0(t — b)e**=)g(t — b) = O(t —

since 62(t — b) = 6(t — b) Vb.

ODE Topid 5

5.6 Linear equations
with constants
coefficients

b)ea(t—b),
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5.6 Linear equations
with constants

So using the inverse transform one gets: e
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» Solve the following initial value problem:

coefficients

. cost O<t<m, . AL :
X+ x= { m x(0) = x(0) = 0. o S

0 t>m,

> Rewriting the problem as:
X4+ x=(6(t)—6(t —m))cost =
6(t)cost + O(t — ) cos(t — )
Taking its Laplace transform and using x(0) = x(0) = 0:
_5
s2+1

X(s) — S0+e™) (1—|—e—”s)d< 1 )

(s2+1)2 2  ds\s2+1

(s +1)X(s) = (14 e77).
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5.6 Linear equations

» The inverse transform gives:

x(t) = % {6(t)(tsint) + 6(t — m)[(t — 7)sin(t — )]} =

%[H(t)t —O(t— 7)(t — 7)]sint,
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