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4.1 Definition and general properties

» In three dimensions, the intersection of the surfaces
v1(x,y,z) = 0 and pa(x,y,z) = 0 defines a curve.

» Let us consider the two-parameter families of curves eneral properies
v1(x,y,2,C,G)=0 and ¢a(x,y,z,C,G)=0
defined in a domain

» this will be a congruency if and only if there is only one
single curve of the family going through every point
(x..2)

» It is always possible then to write the equations of a
congruency as

wl(xa)/az) = Clv
wQ(XaYaZ) = C2-

» Deriving with respect to the independent variable x we
get the differential equations for the congruency:

oY O o;
i | ¢y,+¢
0z

'=0,i=1,2.
Ox Oy z ! ’
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» There are two main ways of expressing the equations of 4.1 Defnition and
enera roperties
congruences 02 Soluton

» Solving for the the derivative, we get the normal form:
y/ = fi-(X7 y7 Z)
Z' = fi(x,y, 2)

» Isolating the differentials we get the canonical form:

dx dy dz

gl(vavZ) g2(X7va) g3(X,y,Z).
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Exercise 4.2

» find the differential equation of the circles

2 2 2 _ a2 Definition and
Xty +z2=A ol o e

x+y+z=8B

both in normal and canonical ways.
> Taking derivatives and simplifying:

x+yy +zz =0,
1+y +2Z =0.
Solving for z’ and substituting in the first equation:
x+yy +z(-1—-y)=x+(y—2z)y' —z=0.
Taking the same steps with y’:

x+y(-1-2Y+zZ/=x—y—-Z'(y—2z)=0.




>

From the last two equations we can get the normal

form: J
may —rmx &
(y—2)7Z =x— :>dz
y y dx

And now the canonical form:

dx dy

ODE 4th topic

4.1 Definition and
general properties

Z— X
y—2z’
X—y
y—2z
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» For systems, we will use a more convenient notation:
» the coordinates in a space of dimension n + 1 will be

4.1 Definition and
general properties

(t7X1;X2a' "7Xn)

v

The equations for the congruences:
¢;(t,X1,...,X,,) =G, i=1,...,n

Normal form:

v

xi=fi(t,x1, ..., xp), i=1,...,n.

Canonical form:

v

dt _da_de

& & & &
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Uniqueness and existence theorem

4.1 Definition and
general properties

» In this context, the theorem of existence and uniqueness
is also valid.

» For a system written in the normal form
Xi = fi(t,x1,...,xn), i=1,...,n,

, if the functions f; and 0f;/0x; are continuous, there is
only one solution for the system with n initial conditions
given by

X,'(to) =Xy, I =1,...,n,
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4.2 Solution methods

4.2 Solution methods

» There is no general way of solving systems.
» We will study two methods:

» Reduction to one equation
» First integrals
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Reduction to one equation

4.2 Solution methods

» We saw in the 3rd topic that any equation of order n
can be reduced to a system of first order equations

» This works the other way too: a system of n first order
equations can be re-expressed as a differential equation
of order n.
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Exercise 4.3
> Solve the following system x =3x — 2y, y =2x — y 4.2 Solution methods
> Taking derivatives and substituting,

X=3x—-2y=3x—202x—y) =
3x4+2y —4x=3%x+ (3x—x) —4x =2% — x

Now we can solve this, by (for example) the method of
characteristic polynomials

x = G et + Gotel.

And y can be obtained easily from the first equation in
the system
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Exercise 4.4

» Solve x =y, y = xy
» » Taking derivatives and substituting:

4.2 Solution methods

X =y =Xy = XX.

Integrating once we get:
2
.X
X = 7 + C]_.

Now, separate variables and integrate:

arctan X
G>0, 2t+G = < ) ,
1 2 T.l G

arctanh X
G <0, 2t+G = — ],
! 2 VG (\/Cl)
1
X

G=0, 2t+C=—
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First integrals

» Imagine that a function ®(t, xi, ..., x,) is constant

throughout the evolution of a system: ¢ = 0.
» In that case, the function ®(t, x1,. .., X,) is a first
integral for the system.
» The equation ®(t,xy,...,x,) = C is a equation for
different surfaces in (t, xi, ..., x,) for every C.

4.2 Solution methods

» It is interesting to note that in practice, one does not
need to find solution to get first integrals. And even
more, knowing a first integral makes the solution finding
easier.

» To prove that a function is a first integral, one needs to
prove that its derivative with respect to t is zero:

do 90 K00

dt — ot 8x,-f’:o'
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» For example, for the system x = y, y = x, the function
® = e f(x+y) is a first integral. Its first derivative is 4.2 Solution methods
zero: _

d=—ef(x+y)+ef(x+y)=
—eH(x+y)+e (y+x)=0.

» Now we can use this constant to solve for one of the

unknowns:

Xi = W(t, X1, o X1, Xif1s - - - 5 Xn)-
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» For each first integral, we can solve for one unknown.

> In the example before, we can use e f(x +y) = A to
get y = Ae! — x,
and then, the only equation left to solve would be
x = Aet — x

4.2 Solution methods

» If it is possible to find n (functionally) independent first
integrals, then we would be able to write a general
solution, because in principle all the x; can be expressed
as functions of C and t

> In order for the n first integrals ®(t, 1, ..., x,) to be
independent, one needs
0 e, bn
(¢1) a¢ ) # O

O(x1, .-y Xn)
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Exercise 4.6

4.2 Solution methods

» Show that the first integrals e *(x + y) and ef(x — y)
are independent. Show also that x> — y? is not
independent with respect to them.

» To prove that they are independent, let us calculate:

% % et et
8;;% 8;2%2 _t _e_t:—l—I:—Q;ﬁO
8X1 aXQ

» It is easily seen that ¢3 = ¢1¢», so they are dependent.
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4.2 Solution methods

» How can first integrals be found?
» In general, one needs to look for symmetries.
> In physics, symmetries are usually linked to

conservation-laws.
> In any case, we will need to get some practice and learn

to see things "by eye".




ODE 4th topic

» For example, let us consider the following system:

4.2 Solution methods

X = y—2z
y = Z—X,
z = x—y.

» Adding the equations, we get x + y + z = 0. Therefore,
we get the first integral x+y+z=A
» On the other hand, if we multiply the equations by x, y

and z respectively, we get xx + yy + zz = 0, so another
first integral would be x*> + y?> + 22 = A




» Usually, the canonical form makes it easier to look for
symmetries in the equation

» Consider the following system:

2tx 2ty

X = YT ez

t2 — x2 — y2
» In canonical form:

dt dx_ﬂ

22— x2—y2  2tx 2ty

» By simplification, one gets dx/(2x) = dy/(2y) and
integrating y = Ax.

ODE 4th topic

4.2 Solution methods
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» Let us find another first integral by using the following

property:
a c at+c

= = .

b d c+d

» Multiplying every fraction by t, x and y respectively,and 4.2 Solution methods
adding them up:

tdt + xdx + yxy  dx

t(t2 +x2+y2)  2tx’

» Simplifying we get

tdt + xdx + yxy  dx
24+ x24+y2  2x’

It is clear that we have to exact differentials, so it is
easy to integrate to give:

t?2 + x% + y? = Bx.
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Exercise 4.9 i
» Solve:
. y . X 4.2 Solution methods
X = y Y= .
X+y X+y
> In canonical form, the system reads:

dt dx dy

x—l—y_y X

From the second equality one gets xdx = ydy, which
can be easily integrated to give:

xX2—y?=A
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> We also have these other two relations:
dt
dx = ,
X+y
xdt 4.2 Solution methods
dy = .
X+y

Adding them up we get
dx +dy = ((x +y)/(x +y))dt = dt, and by direct
integration:

x+y—-t=8B

» The general solution to our system is thus this system
of finite equations:
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» Solve the following system:

4.2 Solution methods

. ty _ tx
X_y2—X27 y =

In canonical form this reads:

tdt dx dy
y2-x2 y o x]

From the second equality we get xdx = —ydy, and

integrating:

x>+ y?=A
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The other two relations are:

tydt 4.2 Solution methods
dx = 72)/ 5
yc—Xx
txdt

Adding them up we get
dx +dy = ((y — x)/(y? — x?))tdt = tdt/(y + x) and
integrating

(x+y)?-t*=8B

The two finite equations we obtained are the general
solution.
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4.3 Systems of first order linear equations

4.3 Systems of first

» We will now focus on systems of this form order linear squations
n

i =y ag(t)x + bi(t)
Jj=1

ie, linear systems.

» Or course, we will demand the functions aj; and b; to
be continuous in the domain / in order to have
existence and uniqueness.
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» We will use the following notation:

X1
I
X1
I
ol
I

a1 a2 ... din
a1l a1 ... din

) . ) 4.3 Systems of first
. order linear equations
Xn Xn bn

dnl dn2 ... dnn

> This way, we can write the problem as A%+ b or,

X =
using LX = X — AX, we can write LX = b.
» It is easy to prove linearity:

L(aX + ay) = alLX + bLy.
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» Write the following system in matrix form:

4.3 Systems of first
order linear equations

X:y_)/:—X

> We clearly have b=0 and

a- (% o)
(- 90)

Thus
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4.4 Linear homogeneous system

> Let us start with LX = 0. Due to linearity, the
superposition principle holds

— - -
LX, = 0 = L CiXj = C,LX, 4.4 Linear
z : z : homogeneous systems

» Therefore, the group of solution of a linear
homogeneous system is a vector space.

» In this space, the linear independence of the vectors X;
is defined as usual:

The vectors xi, ..., x, are linearly dependent if the
system

n n
Y gE=0&) xj=0 Vtel
j=1 j=1

has non-zero solutions.
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» If the system is dependent, its determinant (the
Wronskian)

X11 X12 ... Xin
L N X221 X22 ... Xop
Wix1,...,xa) = |XaX2... X = | . o R S
. . ) : homogeneous systems
Xnl Xpn2 ...  Xpn

will be zero in all points in the domain /.

» In general, the inverse will not be true for some
arbitrary set of functions.

» However, if the vectors Xi,..., X,
are solutions of some known homogeneous linear system
LX;=0,
and their Wrosnkian is zero at some point W(ty) = 0,
then it can be proved that it will be zero in all the
interval /
and the vectors will be linearly dependent.
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» Using the theorem of uniqueness and existence, it can
be seen that the dimension of the space of solutions
cannot be less than n.

» Due to the theorem, there are n linear independent
solutions corresponding to the following initial

4.4 Linear

conditions R ID T
1 0 0
0 1 0
X(to) =] | X(to)=|:| ... Xal(to) = |
0 0 0
0 0 1

» The same can be said for any initial condition satisfying

W[)?l(to),)?z(to), ... ,)?,,(to)] 7& 0
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The groups of n linearly independent solutions are
known as fundamental systems of solutions

Besides, each fundamental system {X1,%2,...,X,} is a
base of the space of solutions

4.4 Linear
homogeneous systems

Any solution of LX = 0 can be written as a linear
combination of the fundamental system of solutions
with coefficients C;

In order to calculate the value of the coefficients C;,
one has to calculate the unique solution at ty,

ZCXJ to <:>X, to ZX,J to)C

j=1

(This can be done with the determinant is not zero)
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» Since the solution is unique, the solution corresponding
to the initial conditions at the point t can be written as

)?(t) = Z Cl)_(jl(t) Vt € l 4.4 Linear

homogeneous systems

Jj=1

with the coefficients that we have chosen at tg.

» Therefore, the general solution of a linear homogeneous
system is given by a linear combination of the vectors of
the fundamental system with some arbitrary coefficients

n
X = E CiX;.
j=1
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Exercise 4.11

» Prove that the following vectors

cos t sint
—sint)’ cost)’
4.4 Linear
homogeneous systems

form a fundamental system for the equations
x =y, y = —x,. Write the general solution.

» Let us name the vectors as:
5 — [ cost 2 = sint
L= \=sint)? 27 \cost)"
Let us write the system in matrix-form:

=()=(% J=( 90)

y
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» Let us check that the proposed solutions are really
solutions:

)-?_i cost \ (—sint\ [0 o
gt \=sint) ~ \—cost)  \-1 0/
0 1 cost \ [ —sint
-1 0)\-sint) \—cost)’

» And the other one:

);(,_i sint\ (cost) (0 1.
27 gt \cost) — \—sint) — \ -1 0) 2~
0 1 sint\ [ cost
-1 0/ \cost/ \—sint/)"
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» To check if they form a fundamental system we need to
check the linear dependency, so we need to check the
Wronskian:

4.4 Linear
homogeneous systems

cost sint

) =cos’t +sin’t = 1.
—sint cos t

WX, %] =

Since it is non-zero, the solutions form a fundamental
system

» So the general solution is:

ol cost sint
X(t)=A <— sin t> +B <cos t> ‘
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Fundamental matrices

» Taken the n vectors of a fundamental system a
columns, we can obtain a fundamental matrix:

X1 X12 ... Xlp
I, X21 X2 ... Xop e
F(t) = (X1%... %, =
vdots
Xn1 Xn2 ... Xnn

» Fundamental matrices are not singular (by
construction):

det F(t) = W|X1,%,..., X, #0,

» Besides, the fundamental matrix is a solution of a linear
system:
IF=0<F=A-F.




Exercise 4.12

» Find the fundamental matrix for x =y, y = —x,.

» Bearing in mind the result of exercise 4.11, the
fundamental matrix is clearly

cost sint
—sint cost/’

ODE 4th topic

4.4 Linear
homogeneous systems




Exam question (September-08) ODE 4th topic
: t 1 _
» Let us study the matrix F = 1t/ What system is

this matrix a fundamental matrix of?

The matrix A that corresponds to the linear system, will 2.4 Linear
satisfy F = AF therefore A = FF 1. T e

Then, since F~! = (adj(F))" /(detF) and
(detF) = t2 + 1 # 0, we get

1 t -1
T4l \1l ot )

» In general, for 2 x 2 matrices, we have:

aci_ (2 b\__ 1 (d b
~\¢c d) ad—bc\—c a
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> Let us write a generic solution using fundamental
matrices.

» The general solution is a linear combination of the
fundamental system:

n n n
R=) GX=%=) xjG=) FG.
j=1 j=1 Jj=1

4.4 Linear
homogeneous systems

» Thus, we have

where
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4.4 Linear

» Find the general solution of the system X =y, y = —x, homogeneous systems
using a fundamental matrix

» Bearing in mind the solution of exercise 4.12, we get

(0) = (e, 3y (&),
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4.5 Complete linear systems

» As with the complete linear equations, the complete
solution is obtained by adding up a particular solution
with the general solution of the homogeneous equation 45 Complete linear

systems

[ =0, [Ro=b, = L(X +%)=LX+ L% =b.

» And the difference of two complete solutions is the
solution of the homogeneous:

L)?l = L)?z = b, = L()?l — )?2) = L)?l — L)?z = 6
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» For systems, the complete solution for the system
LX = b is obtained by adding two things:
» the general solution of the homogeneous equation

n

L)? = 0 < )? = E C))?} 4.5 Complete linear

systems

j=1

» and any particular solution of the complete equation
LX, = b.

» The general solution of the complete equation is then
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Variation of parameters

» We can apply directly what we learned for systems.

> Let us suppose that for the homogeneous system
X = A - X, we have found a solution X(t) = F(t) - C.

» Then, in order to solve the whole system X=A-X+b,
we will use a trial vector X(t) = F(t) - g(t), where g(t) I
is arbitrary.

» Using Leibniz rule:
A-F.-2+F.g.
» From the initial hypothesis X(t) = F - g, so

—A-X+F-g.
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» On the one hand we have
X=A-X+F-g,
but on the other, by definition

4.5 Complete linear

— A . )_<" _|_ B. systems

x|

» we conclude then:

» The general solution of the complete is thus:

X=F(t)- ¢+ F(t)-/F(t)‘l-B(t)dt.
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» Solve the system X =y, y = —x+ 1/ cos t,.
» The fundamental system is:

F_ [ cost sint
—sint cost
4.5 Complete linear

and its inverse: e
F-1_ cost —sint
sint cost

» On the other hand

and then

15— —lncost+ (4
t+ G ’
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» The general solution is then

<x(t)> _ ( cos t(—Incos t + K1) + sin t(t + K2) >

4.5 Complete linear
systems

y(t) —sint(—Incost+ K1) + cos t(t + K2)
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