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2.1 Geometric meaning

2.1 Geometric
Meaning

» We already know that the finite equation p(x,y) =0
defines a curve in the (x,y) plane
» e.g. the equation x? + y? = 1 defines a unit circle
centered at the origin
» But in order to describe a family of curves we need
something like o(x,y,C) =0
» e.g. the equation x? + y? = C? defines a family of
circles of radious C(> 0) centered at the origin
» But why wonder about curves in a class of differential
equations?
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» Combining the equation for the family

o(x,y,C) =0

2.1 Geometric

Meaning

and its derivative

Dy dyp ’
—(x,y,C)+ =(x,y,C)y’ =0,
Y5 €) ay( y, Qy

we can eliminate the parameter C

» This shows the close relation between differential
equations and families of curves

» The result of the previous combination gives us the

differential equation for the family:

F(x,y,y") = 0.

» This equation gives the relation between the slope at a
point, and the curve that goes through that point
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Exercise 2.1

2.1 Geometric

Meaning

> Take the derivative of x? + y? = C? to show that the
differential equation of circles centered at the origin is
the following:
x+yy =0.

> From (x2 + y?) = (C?)’ it is easy to see that
x+yy'=0
This is the result we are after
» This example is very easy, since the derivative is enough
to get the equation. Generally, we would need both
equations.
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» By construction, the functions ¢(x,y,C) =0 are a

2.1 Geometric

uniparametric family of solutions for F(x,y,y’) =0 Meaning
» Besides, since the equation is first order it is the general
solution

» Careful! By eliminating C, other general solutions and
singular solutions can appear
» On the other hand, each particular case of
©(x,y, C) = 0 is the equation for an integral curve
> integral curves are particular solutions obtained by
integration of the differential equation of the family
» e.g. the circles defined by x> + y? = C? are integral
curves.




ODE topic 2

Exercise 2.2

» Find the differential equation for the unit circles whose
center is in the x axis. Is there any singular solution?

2.1 Geometric

> The finite equation for this family of curves is e

(x—C)P+y*=1,

and by derivation plus some other simple operations we
get yy' = —(x = C)
This can be rewritten as y?(y’)? = (x — C)
Using the finite equation we can eliminate C
to get y2((y')*+1)=1.
» By inspection, one can guess the singular solutions
given by y = +1

2
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Particular (circles) and singular (straight lines) solutions.
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» If the curves of a family do not cross each other, we get
a very intersting case: a congruence of curves
» Are the families of circles from the previous exercises
congruences? it
Those from exercise 2.1 yes, but not those of exercise
2.2
» In the case of congruences, there is a single curve that
goes through a given point (and there is only
corresponding value of the parameter)
> In other words, there is only one single curve, and one
single value of C that corresponds to a given point
(x,y)
» This is why it is possible to use ¢(x,y, C) = 0 to solve
for C for a given point (x,y)
» By doing that, we will be able to write the congruence

as
u(x,y)=C

» Remember the case x? + y? = C?




In the case of congruencies, the differential equation is ODE topic 2
obtained by mere differentiation

(u(x,y) = C)

au 8 Meanmg

» Taking derivatives is enough to eliminate the parameter

C
We can obtain the symmetric form of the equation by
multiplying by dx:

du
UdX—d—dX—d —%dx—l—%dy—o
From now on, we will use the following short-hands
ou ou
P=— = —
ox’ @ oy’

du = Pdx + Qdy.
e.g. for the equation x + yy’ = 0 we get:
P =0u/0x =x, Q=0u/dy =y, xdx + ydy = 0.
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» We can obtain the normal form by solving for the
highest derivative:

2.1 Geometric
Meaning

!
y'=f(x,y)
» Sometimes the normal form is more convenient than the
symmetric

» In any case, they are related by

Ou/0x P(x,y)

oY) = =Fuay = Qley)

» The normal form for the previous example is:

X
y'=-=.
y




» The normal form gives the interpretation for the
differential equation:

| 4

ODE topic 2

y' =tan a=f(x,y)
2.1 Geometric
Meaning

ux,y)=Cs

ux,y)=Cy

Figure 2.1 Congruence of curves, derivative and slope.

the differential equation gives the slope for the integral
curve going through (x,y)

the value of the slope is y' = tana = f(x, y)

there is only one curve per point, and the tangent
defines a single direction
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» Therefore, the equation y’ = f(x, y) assigns one

direction to each point

» Taking into account all points, it defines a direction field .
2.1 Geometric
Meaning

- o e oy
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Figure 2.2 Congruence and direction field.
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» When is the relation between the equation and the 21 Geometric
Meanin
congruence one-to-one? 2

» When the hypothesis for the theorem of existence and
uniqueness are satisfied

Theorem (existence and uniqueness)

If the function f and its derivative 9f /0y are continuous in
a domain, then the initial-value problem posed by

y' =1f(x,y), y(x0) = yo

admits only one solution for each initial value (xo, yo)
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2.1 Geometric
Meaning

» Due to this theorem, given some continuity properties,
the curve obtained by integrating a differential equation
is a congruence

» But, if there is a singular point, the theorem cannot be
applied

» In those points, there can be more than one curve per
point
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Exercise 2.4

» Show that the differential equation for the circles duations
centered in the y axis that touch the x axis is given by Aot

/ 2xy

Yy =e _ 2

> The equation for circles with center in the y is
2+ (y — o) = R?
We also need the point (x,y) = (0,0) to be included in
the circle
s0 02+ (0 — yo)? = R?, and thus yo = +R
This gives us the finite equation for the family

x*+(y ¥ R)?=R%.




It can be rewritten as x> + y?> F2Ry = 0 , and therefore
£R = (x*+y?)/(2y)
By taking derivatives and simplifying

x+(yFR)y =0
Combining with the expression for =R and multiplying

by y
xy +(y? = (y* +x%)/2)y' =0
and finally we get

’ 2xy

T X2y

ODE topic 2

2.1 Geometric
Meaning




Figure 2.3 Circles that touch the x axis.

ODE topic 2

2.1 Geometric
Meaning
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2.1 Geometric
Meaning

» The diagonal lines y = £x and the point (x,y) = (0,0)
are singular

» At the origin there is no uniqueness, but it doesn’t
disagree the theorem (singular)

» At the diagonals there is no uniqueness problem
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2.3 Exact equations

» The symmetric form for the equation u(x,y) = C was
given by

du = P(x,y)dx+ Q(x,y)dy = (Ou/0x)dx+(0u/dy)dy.

» Such differential equations are called exact

2.2 teorema
Following Schwarz's theorem, all exact solution satisfy the
following property

oP 0@

dy  Ox’
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Example: integration of an exact equation

» Let us start with the following equation
xdx + ydy =0

» Since OP/0y = 0Q/0x it is exact

» Ju/0x = x, and integrating we obtain
u=x?/2+ h(y)

(h(y) is not determined as of yet)

» Now, bear in mind that du/dy =y, and on the other
hand du/dy = H'(y).

» Comparing and integrating we get h(y) = y?/2 + D,
and therefore

» We can choose D = 0 by redefinitions
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Exercise 2.5

» Solve he following equation

2.3 Exact equations

(x +y +1)dx + (x — y* +3)dy = 0.

> In this case 9P/0y = 1 and 9Q/9x = 1, so it is exact
Now, as du/dx = (x + y + 1), we obtain
u=x%/2+x(y +1)+ h(y)
This gives Ou/dy = x + h'(y)
Using Q = du/dy = x — y? + 3 and comparing
we get h'(y) =3 — y?
This gives h(y) = 3y — y3/3 and we thus obtain the
solution

2

2
u="+xly+1)+yB-5)=C




1st special case: Equations without dependent
variable

» These look as follows

» Both cross terms are zero, so it is exact

> Clearly

y:/f(x)dx—l- C.

ODE topic 2

2.3 Exact equations
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> As an example, let us integrate y2((y’)> +1) =1
> It can be written as (y')? = 1/y? — 1,
and also as (y2(y')?)/1 —y? =1.
» Squaring and remembering y’ = dy/dx, we can write
ydy
JI=y2 = +(x— O)

= +dx and by direct integration one obtains




2nd special case: Equations with separated
variables

» In this case, the independent and the dependent
variables appear separated, in different terms:

P(x)dx 4+ Q(y)dy = 0.

> It is exact since both cross derivatives are zero

> Clearly

y:/P(X)dX—i-/Q(y)dy—l—C.

ODE topic 2
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Exercise 2.7

2.3 Exact equations

» Solve (1+ y)e¥y’ = 2x.

> In symmetric form, (1 + y)e¥dy — 2xdx =0,
so it is an equation of the 2nd special case. Therefore
u= [(1+y)eXdy — [2xdx = ye¥ —x* = C




ODE topic 2

General procedure If the equation
du = P(x,y)dx + Q(x,y)dy =0

is exact, this is the way of obtaining the general solution:
» 1. Calculate [ P(x,y)dx since
u(x,y) = [ P(x,y)dx + h(y)
» 2. Write

dlf P

dy (v) = Q(x,y)

and solve for h'(y)
» 3. Calculate h(y) by direct integration
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2.4 Integrating factor
> Let us start with an example

idx—kdyzO.
y

2.4 Integrating factor

» This equation is not exact, but if we multiply it by y it
becomes exact

» Sometimes it is possible to covert some equations into
exact equations

» ZIf a non-exact equation P(x,y)dx + Q(x,y)dy =0
becomes exact by multiplying with p(x, y), then the
function p(x, y) is known as the integrating factor for
that equation

» In general, the solutions for
wu(x, y)(P(x,y)dx + Q(x,y)dy) = 0 will also be
solutions for P(x,y)dx + Q(x,y)dy =0




ODE topic 2

1st execption

> Let us consider the following equation xydx + y?dy = 0
This equation has one singular solution if the form

2.4 Integrating factor

y=0
On the other hand, it accepts an integrating factor
p=1ly

But the eugation

w(P(x,y)dx + Q(x, y)dy) = xdx + ydy = 0 does not
have y = 0 as a solution: we have lost one solution!
In this example, it cna be seen that the solution we
have lost (y = 0) is the root of 1/u
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2.4 Integrating factor

» In general, one should check what happens with the
roots of the inverse of the integrating factor, i.e., the
solutions of 1/u(x,y) =0

If there are solutions, and they are not part of the
general solution for u(P(x,y)dx + Q(x,y)dy) =0,
then, they will be singular solutions for the original
equation P(x,y)dx + Q(x,y)dy =0
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2nd exception

» The integrating factor can bring "fake solutions” 2.4 Integrating factor
w(x, y) = 0 can describe solutions for the new equation
1(P(x, y)dx + Q(x,y)dy) = 0
But it can happen that those solutions are not solutions
of the original equation
It has to be checked

» In summary

» If u(x,y) =0, fake solutions can happen
» If 1/p(x,y) = 0 true solutions can disappear
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Exercise 2.8

» Show that = 1/(xy?) is an integrating factor for the
following equation: (xy + y?)dx — x>dy = 0. Get the
general solution. Is there any singular solution? Is there 26 (egetitns ey
any root of u that is not a solution for the differential
equation?

> Let us start with:

1 X2 X

1 1
P:— 2 = — — = —-— = ——
nh = (xy +y9) " + o pnQ o7 %

It can be seen that 9(uP)/dy = —1/y? = 0(nQ)/0x,
so the new equation is exact

Using that Qu/dx = pP = 1/y + 1/x, we get

u = x/y + log x| + h(y)

On the one hand, du/dy = nQ = —x/y?, but on the
other du/dy = —x/y? + H'(y).

Therfore h(y) = C and u = x/y + log |x| = C.
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Let us now check =0 and 1/pu.

» The first one happens at y = oo so it is nothing to 26 et (i

worry about
the second one happens when y =0

» From the general solution x/y + log |x| = C =1/D one

gets
Dx

~ 1-Dlog x|

Setting D = 0 we recover y = 0 so we have not lost any
solution

y
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» If an equation accepts p as an integrating factor, Cu
will also be an integrating factor, with C any constant
» All first order equations accept an integrating factor
» The problem is...how can we calculate it in general? 20 Mg e ey
> In some cases there is a method to obtain the
integrating facto
» If the new equation is exact, it should satisfy
o(pP) _ 0(pnQ)

dy ox

» We can rewrite it to obtain

Olog 1 _Palogu 0P 0Q

@ Ox dy Oy Ox

which can be sometime useful
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2.5 Separable equations

» If in the symmetric form, the dependent and the
independent variables can be written in different
factors, the the equation is separable :

R(X)S(}’)dx + U(X) V(y) = 0 gqﬁlieiopﬁ;able

» This case accepts the following integrating factor

1/(S(y)U(x))

1
So)U0g (REISWd+ UGV(y)) =
R(x) Viy) . _
U0 s Y0

» Since the variables get separated, the solution is

RO (YO,
“‘/U(x)”/smdy ¢
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» In this case 1/p = S(y)U(x) so we have to check 252t
whether we are losing the S(y) = 0 solutions
» But we do not have to investigate the U(x) = 0 case:

This expression does not give the values of the
dependent variable, so it is not a solution for the
differential equation




Let us check that the equation x(1 + y)y’ = y takes
1= 1/(xy) as an integrating factor and let us obtain
the solution

In the symmetric form we have —ydx + x(1 + y)dy = 0,
o)

Rx)=-1, S(y)=y, UX)=x, V(y)=(1+y)
p=1/(SU)=1/(xy).

Our new equation is
1 1
—=—dx+ =(1+y)dy =0.
X y

By direct integration, the general solution is
Inly|+y =1In|x|+InC or

lyle” = Clx|

One should check whether the solution y = 0 is lost.
That is not the case, since it corresponds to the case
C=0

ODE topic 2

2.5 Separable

equati

ions
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Exercise 2.9
» Solve the following equation

(x — 4)y*dx — x3(y? — 3)dy = 0.

2.5 Separable

» For this case s
R(x) = x—4, S(y) = y*, U(x) = —x3, V(y) = y> =3,
1= 1/(SU) = —1/(x*y*).
» The new equation reads
—((x = 4)/x*)dx + ((y* = 3)/y*)dy
» Therefore,

v=- [ec-npeacs [17 -3t =

1 2 1 1
- +=-——-—+—=5=C=1/D
~ + 2y + )3 C /
» We shoudl check for 1/p = U(x)S(y) = 0. One should
worry if y = 0 is lost, but it corresponds to D =0 in

the general solution
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2.6 Special integrating factors

1st case: integrating factors of type u(x)
» In general, the integrating factor satisfies

Q@Iogu B P@Iogu 0P 0Q

6X 6y = 8y ax ga(ztzyp:cia\ integrating

» But for the case u(x):

dlogp 1 <8P 8Q>

ox  Q\dy ox

» If that is satisfied, we get

d[1<6P 6Q>]—0
dy |lQ\ay ox/]

and this is what one has to check
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» Then, integrating

dlogpu 1 <8P 80)

ox  Q 8_)/_5

2.6 Special integrating
factors

one gets

B 1 /0P 0Q
wu(x) = Cexp/a (@ - W) dx

» We can choose the value C to our convinience.
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» For example, let us consider
(2x% + y)dx + (x2y — x)dy =0
» |n this case,

d |: 2 2Xy :| 2.6 Special integrating
- factors

» therefore, it is possible to get an integrating factor of
the form p(x)

B 1 /0P 0Q _
u(x)-Cexp/a <@—§> dx =

2 1
Cexp/——dx = Cexp(—2Inx) = —.
X X
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» The new equation is

(2+ )dx+<y——)dy_0

» Following the usual steps, we get 2.6 Special integrating

on the one hand v =2x — y/x + h(y)
on the other

1

T O S

ST =y -+,

therfore h(y) = y?/2.
» The final solution is

2

u=2x-24+L =¢
X 2




Exercise 2.10

> Solve (3xy + y2) + (x> + xy)y’ =0

> In this case
S1a(5-2)-
dy dy

Therefore
p(x) = Cexp/? = Cx,

and the new equation reads
xy(3x + y)dx + x3(x + y)dy =0

ODE topic 2

2.6 Special integrating
factors
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Following the usual procedure

2.6 Special integrating
factors

The other conditions give
Xy (y) = X (x +y)

and therfore h(y) = D.
The solution is
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2nd case: integrating factor of type pu(y)

» The condition for the existence of this type of
integrating factor is

i l @ B 8_P B 0 factors - -
dx |[P\ox dy)|

» and the integrating factor is obtained by

_ 1 /0Q OP
nly) = Cexp/E <§ - w) dy




Exercise 2.11 ODE topic 2

» Discuss whether the equation
(3xy + y?) + (x*> + xy)y’ = 0 accepts an integrating
factor of type pu(y)

» For this equation, we get 26 Spedel e
oP 0Q
— =3 2 — =2
By X+ 2y, Ix X+y,

so it is not exact

Moreover,

dfL(0Q oP\|_d[ 1 1
dx |P\0x Oy /)| dx |3xy+y2 Y ’
so it does nto accept an integrating factor of the form
1(y)
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1.3 Integrating factor of the type
pu(x,y) = g(h(x, y))

» In order to be able to get an integrating factor that
depends on the variables only via an intermidiate
function, it should obey

2.6 Special integrating
factors

op _9Q
0 0
u(h) = Cexp ﬁdh,

only function of h
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» Solve (3xy + y?)dx + (3xy + x?)dy = 0 using an
integrating factor of the form u(x + y)

> For this equation
oP ] oP 0Q
97 _3xr2y, So3yrox, Ty
y 3x+ Y Ox 3y+ % ay Ox xX—Yy 2.6 Special integrating

factors

We are told to use h = x + y, and then
oh oh
Q= =3xy +x* P— =3xy+y?%
Ox Ay

oh  _oh

- - = — 2 — —
Q> Pay x“—y = (x+y)x—y).
Therefore,
op _0Q
dy Ix (x—y) 1

Q2h _poh  (x=y)x+y)  x+y
Ox Ay
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Then, bearing in mind h=x+y

u(h) = Cexp/dh/h: C(x+y)

The new equation is
(x +) [Bxy + y?)dx + (3xy + x?)dy] = 0 and is of
course exact gagtzgecxa\ integrating

oP  0Q s 5
W— I = 8xy + 3x° 4 3y~.

Now we can proceed as usual

u(x.y) = / (x4 y)(3xy + y?)dx + h(y) =

X3y +2x%y? + xy* + h(y)

which gives Ou/dy = x> + 4x?y + 3xy? + H'(y) and also
du/dy = Q = 4x%y + x® 4 3xy?, therefore h(y) = D.
The solution reads u = x3y +2x%y? + xy3 = C
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2.7 Linear equations

» First order linear equations have the following form

y'+A(x)y = B(x)

» There are two cases

» If B =0, the equation is homogeneous
» If B # 0, the equation is inhomogeneous

» Linear equations accept the following integrating factor

p(x) = exp/A(x)dx.
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» The equation now reads
efA(x)yl + A(X)efA(x)dxy _ B(X)efA(X)dX.
» which can be rewritten as

d
_ f A(x)dx — f A(x)dx 2.7 Linear equations
dx [e y] B(x)e '

and then, the general solution is
y = e [ A [c -/ s(x)ew)dwx}

» The general solution for the liear equation is the sum of
two terms
the general solution for the homogeneous (B = 0) +
particular solution for the inhomogeneous (C = 0)




Exercise 2.13

ODE topic 2

> Solve xy’ 4+ (1 4 x)y = e~.

> In this case

A=(1+x)/x=(1/x)+1, B =¢&"/x.

Then p = el Al)dx

_ ef((l/x)+1)dx — glnxtx — yox
and

2.7 Linear equations

y = e [ AN {C+ / B(x)e/ A(X)dx} =

le_X [C+/e—xexdx] = le_X [C—i—/ezxdx} =
X X X
l —X C_|_e_2x — l C *X_|_e_x
Xe 2 | x € 2




ODE topic 2

2.8 Transformation methods

» The difficulty in solving physical problems depends
strongly on the coordinate choice

2.8 Transformation
methods

» Choosing an appropriate coordinate system helps

» In some cases it will be helpful to use transformation
methods to transform either the dependent variable, the
independent variable or both
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2.9 Homogenenous equations

» A function obeying
f(ax,ay) = a'f(x,y) Va

is an homogeneous fucntion of order r

2.9 Homogeneous
equations

» If P(x,y) and Q(x,y)are homogeneous functions of the
same order

P(ax,ay) = a"P(x,y), Q(ax,ay)=a"Q(x,y) Va.

then P(x,y)dx + Q(x,y)dy = 0 is a homogeneous
equation of order r
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» One can prove that

P(x,y)dx + Q(x,y)dy = 0 is homogeneous <

oo =) ®

» This is why changing the variables to u = y/x happens
to be halpful for this type of equations

Yy / /
u==-—= y = XU7 y = u + Xu . 2.9 Homogeneous
X

equations

» Actually, this change of variables makes the equation
separable

1
y' =f(u) =u+x, u'—l—;(u— f(u)) =0,

» and the equation becomes anquadrature

[ =] 5+c




Exercise 2.16 ODE topic 2

» Solve (\/x2 + y2 + y)dx — xdy = 0.

> In this case

VXt yity
X

flx,y) =
and it can be seen that it is homogeneous

/a2X2+a2y2+ay B f(
ax N

2.9 Homogeneous
equations

f(ay,ax) = Y, X),

therefore, f(x,y) = f(y/x).
Let us make the change of variables u = y/x

_ VX2 + x2u2 4+ xu :u+\/1—|——112.

X

f(u)
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The solution for our equation now reads

/ du 7/ du 7%_’_'“(:
fluy—uv ) Vita? x '

Integrating

2.9 Homogeneous
equations

arcsinhu =In(u+ vV1+uv?)=Inx+InC,
and finally

2
A l+y—2:Cx.
X X
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2.10 Equations of type y' = f(ax + by + ¢)

» Using the change of variables u = ax + by + ¢ the
equation becomes separable

> Let us prove that. First,
u=ax+by+c, u =a+by,

and for the type of equation we are dealing with

2.10 Equations of

y' =f(ax+ by + c) = f(u) type

y" = f(ax + by + ¢)

so
u = a—+ bf(u).

The solution can be writen as a quadrature

/HdT“f(u)—/dHc.
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> Solve y' = (x +y + 1)?
> In this case f(x,y) = f(ax+ by +c) = (x +y +1)2 so

v =1+ 0P

dx + C, 2.10 Equations of
/ 1 + vv))i f(ax + by + c)

arctan(x +y +1) =x+ C,

Therefore

and finally

y=tan(x+ C) — (x +1).




2.11 Equations of type y’ = f(%) ODE topic 2

» There are two cases depending on the geometrical
relation between the two straight lines ax + by +c¢ =0
and ax+ By +v=0

st case a/a = (/b =k (parallel lines)
» In this case

o ax+ by + ¢ |
Y= k(ax + by) +c ’ ;\ql)i Sguituons of

¢ _axtbytc
oy

so this is the same case as the one seen in the previous
section: f(x,y) = f(ax + by + ¢).

» The change of variables u = ax + by or
u = ax + by + ¢ will help to solve the equation




Exercise 2.18 ODE topic 2

» Solve y/ = (x —y)/(x —y — 1)
> In this equtiona=1, b=—-landu=x—y.
Thenv =1—-u/(u—1)=-1/(u—1), and

/(u—l)du:—/dx+C,

2 2.11 Equations of
type y! =

F(-xXEbyte

ax+By+~y )




ax+by+c ) ODE topic 2
ax+By+y

2.11 Equations of type y' = f(
2nd case a/a = [3/b # k (not parallel lines)

» Let us suppose that the lines meet at (xp, yo)
axp+ by +c=axg+ Byo+v=0.

» It is convenient to define u =x — xg and v =y — yp:

ax+ by + c=ax+ by + c— (axo + byo + ¢) = au + by,
ax + By +v=ax+ By +v — (axo + Byo + v) = au+ Bv.

2.11 Equations of

> For these variables dy/dx = dv/dx = dv/duand the e
equation becomes homogeneous SELRLT
dv (ax+by+c)_ f(au+bv)_ f(a+bv/u)
du  ax+By+v7  Cau+pBv’ ‘a4 pviu’
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The original equation becomes

dv ‘ a+ bv/u

du (a—i—ﬁv/u)'

which is homogeneous

Now, using earlier results, z = v/u makes the equation
separable
In order to simplify notaion, we will denote the
derivatives with respect to u with a’
dv , dz ,
—=v and — =z
du du
We will then get
vV =Zu+z
and finally
a+ bz

/
:fi
zutz (a—l-ﬁz

).




Eercise 2.19 ODE topic 2

» Solve
;X —y+ 1
x+y—3
> The crossing point is obtained from

X0 —Yo+1=x0+yo—3=0 to give (xo,y0) = (1,2).
We can use the new variables u=x—-1, v=y —2 to
transform the equation into

2.11 Equations of

, u+1l—(v+2)+1 u—v HBetbrie

u+l+v+2-3 u+v

Therefore
dv_1-v/u
du 14 v/u




Following the result in this section ODE topic 2

V=z+Zu=(1-2)/(1+2).

We then get
dz 1 (1-=z 1/1-2z—2
g _ 2 P I N
du  u\l+4+z u 1+z ’
and 14
z
dz= | — +InC,
/ 1-2z—-22 u o
1|n|1 2z— 2% =InClul, 22+2z-1 1
- — — 27— Z = u s Z zZ — = =5 5-
2 C2 u? 2.11 Equations of
Reverting back to the original variables ok

(5 +2()-1=zp
. 2 —
(=3) 2(5) =

y? +2xy — 6y — x* — 2x = D.
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2.12 Bernouilli's equations

» These equations are of the form

Yy +A(x)y = B(x)y" n#0,1.

» If n=0, it is linear inhomogeneous equation
» If n=1, it is a linear homogeneous equation
» The equation can be made linear by u = y1="
First we have
u'=(1—n)y "y
Substituting in the original equation

2.12 Bernouilli's
’ equations

/\,n
A +AX)y' " =

(1—n)

we obtain a linear equation

u

(1-n)

+A(x)y = B(x)y",

U + (1= n)A(x)u = (1 — n)B(x).




Exercise 2.20 ODE topic 2

» Solve

1
y' — ycosx = Esin2x.

> This is Bernouilli's equation with n = 2.
By doing u = y~! we get a linear equation:

d + (1= 2)(=cosx)u = (1—2) e sin2x> .

The general solution is

uy= e—fcosxdx (C _ / 1 sin 2x efcosxdx) _
2 2.12 Bernouilli's

equations
u=e " (C - /sinx cosxes'"x> =

u=e " (C—(sinx—1)e""¥) = Ce” " +1—sinx.
Finally,
y= (Ce_SE"X +1-— sinx)_1 )
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» These equations are of the form

y' 4+ A(x)y + B(x)y? = C(x) B,C #0.

If B=0, it is a linear inhomogeneous equation
if C =0, it is Bernouilli's equation

» There is no general method for solving it
» But if one particular solution y;(x) is known, the

change of variables u = y — y; turns the equation into
Bernouilli;s equation: 218 [t

equations

v’ + (A(x) + 2B(x)y1(x))u + B(x)u* = 0.
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Let us show the relation between Bernouilli's and
Ricatti's equations

Let us start with y = v+ y;. Then
y'=u+y.
Substituting in the equation
(' + 1)+ Alu+ )+ Blut+n)* = C.
Expanding, we get

u + Au+ 2Buyy + Bu? + v + Ays + By? = C.

2.13 Riccati’s
equations

But y; is a particular solution, so yj + Ay; + By? = C,
and therefore

v + Au+ 2Buy; + Bu?> =0




Exercise 2.21 ODE topic 2

» Show that the function y = 1/x is a solution for

2
r_ 2 _ =
Y=y 13
and use it to find the general solution.

> We have y; = 1/x, so y; = —1/x? and subsituting

y{ = —1/X2 = y12 —2/X2 = 1/X2 —2/X2

> As we have a particular solution, we can make the
following change u=y —1/x. As A=0, B= -1 and 213 Riccat's
C = —2/x? the new equation will be

v —Zu—u?=0.
X




> This is Bernoulli's equation da with n =2, A= -2/x, ODE topic 2
and B = 1. It is convenient to define v = u~1!
Now the equation takes a linear form:

v —(=2/x)v=-L1

and the general solution is

v =e [k [C— /efédxdx} —

1 x3 C x
72|ng —_ 2 = — _ — = — — —
e {C /x dx] 2 {C 3] 2 3

» Let us undo the change of variables
1/u=(3C — x*)/(3x?), e
and finally use the original variables to get

L 1o 3 1 2disc
Y= x 3C—x3 x x(3C-x3)
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2.14 Envelopes and singular solutions

» There is and interesting geometrical concept that can
be ilustrated with the follwoing figure

Figure 2.4.Envelope of a family of curves and multiple points.

> The equations of the curves in the figure p(x,y, C) =0  [EEAEHEEE
The curve E is not part of the family. However, the
curve E touches one of the curves in the family at every
single point. This is called an envelope
The curve E obeys the same differential equation as the
family of curves: F(x,y,y’) = 0.
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» In orfder to calculate the equation for the envelope, we
can start by studying the point P
This point obeys ¢(x,y, C) =0 and
o(x,y,C+ AC) =0, and also the following
combination:

(XaYaC""AC)_(p(Xaya C)
AC

> In the limit AC — 0 the point P tends to be a point in
the envelope, and the equations become

dp(x,y, C)
oC

» These two equations give the equation of the envelope

o(x,y,C)=0 and 7 =0.

o(x,y,C) =0 and =0.

2.14 Envelopes and
singular solutions




Exercise 2.22 ODE topic 2

» Find the envelope of (x —a)? +y? =1
> The equations we have to solve are the following:

o(x,y,a) =(x—a)P’+y*—1=0

and
8<p(x,y,a) 8((X_a)2+y2_1)
= =0.
E] E]
The second equation becomes
2(a—x) =0,

that is, x = a.
Using this result in the first equation

2.14 Envelopes and

(X — 3)2 —+ y2 = (a — 3)2 —|— y2 = 02 —+ y2 — 1, singular solutions

we get the equation for the envelope

y =+1.
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2.15 Equations not soluble for the derivative

» Sometimes, the easiest way of solving a differential
equation is by differentiating the equation

» The new equation will be of a higher order, so it will
have more solutions than the original one, but it will
include those

Example: Kepler's problem

> Let us consider a particle moving in a newtonian
potential of the form t V = —k/r. The equation that
describes the dependence of the magnitude u =1/r
with respect to the angular position ¢ is (' = d/d¢):

2¢ 62 -1 2.15 Equations not
/ !
WP+ - —u=——. e

> Bear in mind that € = k/|k| and thus ¢ = 1.




> By differentiating the equation, we get (forced harmonic

oscillator)
2u' (u" +u—2¢/p) = 0.

Its solution is u = C cos(¢ — ¢o) +€/p
As we have one parameter too many, we should
substitute this in the original equation:

€ e2—1
—(Ccos(¢p — ¢po) + =) — =
(Ccos(6 = o) + 7) = —
2 2
5 € ec—1
CrET TR

» Allinall, C=¢/p

ODE topic 2

2.15 Equations not
soluble for the
derivative




i (0] opic
Exercise 2.52 DE topic 2

» Solve (y')2+2y =1

>

Differentiating, we get 2y’(y” + 1) = 0, and we have
two equations: y = D and y” = —1.
The second one solves to

2
y'=—x+C etay:—%—i—Cx—i—D.

The first solution is included in this one.

We still have to check with the original equation:

2
0:(—x+C)2+2(—X7+Cx+D)—1:

X2—2CX—|— C2—X2—|—2C2X—|—2D—1. 2.15 Equations not
Zoh_lbliiszr the
eriva

This gives, D = (1 — C?)/2 and this is the solution we
are after
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